KOSTANT THEOREM FOR SPECIAL FILTERED ALGEBRAS 



VYACHESLAV FUTORNY AND SERGE OVSIENKO 



Abstract. A famous result of Kostant states that the universal enveloping 
algebra of a semisimple complex Lie algebra is a free module over its center. 
We prove an analogue of this result for the class of special filtered algebras 
and apply it to show the freeness over its center of the restricted Yangian and 
the universal enveloping algebra of the restricted current algebra, associated 
with the general linear Lie algebra. 
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1. Introduction 

A well-known theorem of Kostant [E] says that for a complex semisimple Lie 
algebra g the universal enveloping algebra U(g) is a free module over its center. For 
the Yangian Y(gl ra ) of the general linear Lie algebra gl„ the freeness over the center 
was shown in jMNOj . Another example of such situation gives the Gelfand-Tsetlin 
subalgebra T of U(glJ (see | DTO] . |Q"T)l It was shown in [U2] that U(gl„) is a free 
left (right) T— module. The knowledge of the freeness of a given algebra over its 
certain subalgebra often allows to establish other important results, e.g. to find the 
annihilators of Verma modules |Di| . to prove the finiteness of the number of liftings 
to an irreducible module over U(gl n ) from a given character of the Gelfand-Tsetlin 
subalgebra (|Q2| 1. etc. 

In |Q2| was introduced a technique which generalizes Kostant methods f[K]. 
see also |G1| ) and which allows to study the universal enveloping algebras of Lie 
algebras as modules over its certain commutative subalgebras. In the present paper 
we develop a graded version of the technique from |Q2j which can be applied to a 
large class of filtered associative algebras. In particular, we apply our result to the 
restricted Yangians Y p (gl n ) of any level p and to the universal enveloping algebra 
of restricted current algebras of any level m, associated with the general linear Lie 
algebra, and show that these algebras are free as modules over their centers. A 
particular case of this statement for Y 2 (gl„) was considered by Geoffriau ( |G1| ) 
who showed that the universal enveloping algebra of a Takiff algebra is free over its 
center. 

The structure of the paper is the following. In Section [3] we collect necessary 
known facts about Koszul complexes and complete intersections. In Section 01 we 
consider a filtered algebra U containing some commutative subalgebra T. We find 
sufficient conditions that guarantee the lifting of every character of T to a simple 
[/-module. In Section 01 we establish the key result for special filtered algebras 
(Theorem ^| showing their freeness over commutative subalgebras generated by 
a sequence of elements whose graded images form a complete intersection for the 
associated graded algebra (equivalently, the corresponding characteristic variety 
is equidimcnsional of minimal possible dimension). This generalizes the Kostant 
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theorem for semisimple Lie algebras. In Section we apply Theorem ^ to the 
restricted Yangian of any level p for gl n and to the universal enveloping algebras of 
the restricted current algebras of any level m for gl n (Theorem [2] and [3J . 

Throughout the paper we fix an algebraically closed field k of characteristic 
0. For an afhne k-algebra A (i.e. associative and commutative finitely generated 
Ik-algebra) we denote by SpecmA the variety of all maximal ideals of A. If A 
is a polynomial algebra in n variables then we identify Specm A and k" . dim A 
(= dim Specm A) means the Krull dimension. For an ideal I C A denote by V(7) C 
SpecmA the set of all zeroes of I, V(J) = {/j £ SpecmA|I C /i}. If I is generated 
by fi, . . . , f s then we write I = (f x , ...,f s ) and V(7) = V(/i, . . . , / s ). The word 
"graded" always means "positively graded". 

2. KOSZUL COMPLEX AND COMPLETE INTERSECTIONS 

The main sources of references related this chapter are [Ei| , |Ma| and [E] • 
Let U be an associative (not necessary commutative) algebra and M an U—k[Xi, 
X t ] bimodule. Recall f[B]. §9) that the associated Koszul complex K (= 
K. (M)) of left [/-modules is defined as follows. Let e\ , . . . , et be a standard basis of 

i 

k*. Set Ki = for i < and K t = M ®k A k* for each i > 0. Define the differential 

k 

di : Ki — > Kj_i on the element m (g) (e^ A • • • A e j4 ) of Kj, 1 ^ j\ < • • • < ji ^ t> 
m 6 M as: 



(1) d^m ® (e h A • • • A e^)) = Y.^ 1 ^ lm ' X ^ ^ A ' ' ' ' ' A 

fc=i 

where ej k means the omission of ej k . Let g = {gi, . . ., gt} C U be a sequence of 
mutually commuting elements, M = U with the natural structure of left [/-module 
and a ■ Xi — agi, a £ Z7, i = 1, . . . ,t. We denote the corresponding Koszul complex 
byK.(g,f/). ' 

The sequence g is called a complete intersection for U (we say simply complete 
intersection if U is fixed) provided for K.(g, U) holds Hi(g,U) = for i ^ 
and Ho(g,U) ^ 0, where Hi(g,U) is the i-th homology of K.(g, [/). Note that 
H te,U)czU/{Ugx + — + Ug t ). 

The sequence (?i , . . . , ^ in an affine algebra A is called regular, provided the class 
of gi is not a zero divisor and not invertible in A/ (g±, ... , gi-i) for any £ = 1, . . . , t. 
A regular sequence is a complete intersection for A. 

An affine algebra A is called a complete intersection, shortly CI , provided A ~ 
A/ 1, where A is a polynomial algebra k[Xi, . . . ,X n ) and the ideal I is generated 
by a regular sequence g = {g\, . . . ,g t } in A. 

An affine algebra A is called Cohen- Macauley, shortly CM, provided for every 
ideal JcA holds depth / = codim /, where depth I is a length of maximal regular 
sequence, contained in I and codim I is a minimal codimension of irreducible com- 
ponents of V(J) in SpecmA. If gi, . . . , g t is a sequence of elements in a CM algebra 
A such that V(J) is equidimensional for I — [g\,.., , g t ) and codim / = t then A/J 
is CM ([Ei], Proposition 18.13). In particular, any CI algebra is a CM algebra. We 
will assume that a CI algebra A ~ A/ 1 is reduced, i.e. I is a radical ideal. 
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Proposition 1. Let A be an affine algebra of dimension n and g = {171, . . . , gt} a 
sequence of elements of A, $J t n. 

(1) dEl? §f> Proposition 6) Let g be a complete intersection for A, L G GL t (A) 
and (hi, . . . , h t ) — (gi, . . . , gt) ■ L. Then the sequence hi, . . . , h t is a com- 
plete intersection for A. 

(2) f \Ma\ . Theorem 16.5, (ii), [E], §7, Corollary 2) If A is graded and gi, ■ ■ ■ ,gt 
are homogeneous then g is regular if and only if g is a complete intersection. 

(3) /' IMalj . Theorem 28) Let A be a graded algebra and g be a complete inter- 
section for A consisting of homogeneous elements. Then any subsequence 
of g is a complete intersection. 

(4) Let A be a graded CM algebra, g consists of homogeneous elements and 
codim/ — t, I — (gi, . . . , gt). Then the sequence g is regular. 

(5) Let A be a CM algebra. Then g is a complete intersection for A if and only 
if the variety V(gi, ■ ■ ■ , gt) is equidimensional of dimension n — t. 

(6) Let A be a CM algebra. Then g is a regular sequence if and only if every 
variety \/(gi, ■ ■ ■ ,gi) is equidimensional of dimension n — i, i — 1, . . . , t. 

Proof. It follows from |Ma| . Theorem 16.8, that for a sequence g = {gi, . . . , gt} in A, 
such that I — (gi, . . . , gt) ^ A holds depth / = t—q, where q = max{//i(g, A) 7^ 0}. 

i 

Hence g is a complete intersection if and only if depth / = t and, in assumption A 
is CM, if and only if codim/ = t. On the other hand codim/ ^ t and we have the 
equality if and only if V(/) is equidimensional of minimal possible dimension n — t. 
This implies immediately (@J and JSJ. In 10 the statement "only if is obvious. 
The statement "if we prove by induction on i. The base of induction i = is 
obvious. Denote Aj = A/(gi, . . -,gi) and let g be the class of gi+i in Aj. Obviously 
g is not invertible. Let J = Aig. Then in A, holds codim J = depth J = 1 and 
hence J contains an element which is not a zero divisor implying that g is not a 
zero divisor. □ 

We have the following immediate corollary of Proposition 

Lemma 2.1. Let A = k[Xi, . . . , X n ] be the polynomial algebra, Gi, . . . , Gt 6 A. A 
sequence Xi, . . . , X r , G\, . . . , Gt is a complete intersection for A if and only if the 
sequence gi, . . . , g t is a complete intersection for h[X r+ i, . . . , X n ], where gi(X r+ i, 
■ ■ ■ , X n ) = Gi(0, . . . , 0, X r+ i, . . . , X n ), i = 1, . . . , t. 

3. Filtered algebras 

Let U be a filtered algebra, i.e an associative algebra over k, endowed with an 
increasing exhausting filtration {Ui}i^o, Uq = k, UiUj C CA+j, U — U^o^i- For 

u E Ui\ Ui-i set degu = i (f/_i = {0}). Let U — grU be the associated graded 

00 

algebra U = Ui/Ui-i. For u £ U denote by u its image in U and for a subset 

i=0 _ _ 

S CU denote Si = S n U it S = {s \ s € S} C U. Set U (i) = U l /U l -i and for any 

T C U denote =Tf] U^y Given a graded algebra U = ©j> {/(»), t/(o) = k we 

always assume in U the associated filtration {Ui = ®j<< U^, i ^ 0} identifying U 

and U. 
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Lemma 3.1. Let g = {gi, . . . , gt} be a sequence of mutually commuting elements 
of a filtered algebra U such that g = {g~ 1 , . . . ,g~ t } is a complete intersection for U. 
Then 

(1) g is a complete intersection for U ; 

(2) if I = Ugi + ■ ■ ■ + Ug t then I=Ug 1 + -- ■ + Ug t . 

Proof. Endow the complex K. = K. (g, U) with a filtration F; 

■ ■ • G f p ^K t C F p Ki C F p+1 Ki c-CKj, where p, i 6 Z, by setting 

u ® {ej 1 A • • • A ej.) G F p Ki if and only if degu + degp^ + • • • + degg^ < p. 

u G {/, 1 ji < • • • < ji ^ t. This filtration is exhausting, bounded below and 

turns K. into a filtered complex. Analogous grading turns K.(g, U) into a complex 

of graded modules. By the conditions i?i(g, U) — for i ^ and the p-th graded 

t 

component of 0-homology is H (g, U) {p) = U {p) /^2u (p _ dcggt) g t . 

i=l 

Consider associated with the filtration F spectral sequence (E r , d r ) with the first 
term (E 1 ^ 1 ), E\ q = H p+q {F p+1 KJ F p K) ( W |, 5.4). The complex of graded U- 
modules {F p+1 K./F p K.} pe z is isomorphic to K.(g, U), hence, the nonzero compo- 
nents of E 1 are among E p _ p ,p G Z (they are the graded components of Ho(gj U)). 
Besides all differentials in E 1 equal 0. It gives us E 1 ~ E 2 ~ • • ■ ~ Since 
(E r ,d r ) converges to H(g,U) it follows that all homologies Hi{g,U) — 0, i ^ 
which proves the statement £Q) . To prove the statement (j2J we consider subcomplex 
K'(g,U) G K.(g,C/) with K' t (g,U) = Ki(g,U), i ^_0, K^fJ) = O^and a sub- 
complex K;(g, U) g K.(g, U) with Kj(f, £/) = Ki(l, CO, * ^_0, K(,(g, U) = 0. The 
only nonzero homologies of these complexes are: i?i(K'(g, U)) ~ Ug 1 + • • • + Ug t 
and Hi(K' (g,U)) ~ / respectively. The filtration on K. induces a filtration on 
K'. As above, considering the corresponding spectral sequences we conclude that 
l=Ug 1 + --- + Ug t . □ 

In commutative case we use a more precise statement. 

Lemma 3.2. Let A be a filtered affine algebra (A — A) and g = {171, . . . ,gt} C A a 
sequence such that g is a complete intersection for A. Then g is a regular sequence. 

Proof. By Proposition ^ © an d © the sequence g and any its subsequence are 
regular. Following Lemma 13.11 J3J, for the ideal Ik = {91, ■ ■ ■ ,9k) holds Ik = 
(g 1 , . . . ,~g k ) for any k = l,...,t. Let g $ (g\, . . . ,gi) be an element of minimal 
degree, such that g i+1 g G (gx, ...,gi). Then g i+1 g G (g 1: ... By regularity 

of g we obtain that g G . . . ,g^) and hence there exists h G (g%, ...,gi) such 
that deg(g — h) < degg and gi+i(g — h) G (gi, . . . , gi). The obtained contradiction 
proves the lemma. □ 

Lemma 3.3. Let A be a graded affine algebra, {A^, i gZ} the associated filtration, 
g = {g\, . . . , g t } a complete intersection for A consisting of homogeneous elements, 
T = k[gi, . . . ,g t ], fi = (jjli, . .., fit) £ A* such that deg/i 4 < degg i; i = 1, 
= (51 - Hi, ... ,g t - fit)- Then 
t 

(1) I M n A m = 2^A m _ di (0i - Mi) where = degp i; i = 1, . . . ,t. 
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(2) The sequence {g\ — fit, . . . , gt — /it} is a complete intersection for A, more- 
over, it is regular. 

(3) I p is an ideal generated by g±, . . . , g t , in particular 1^ =f= A. 

(4) If A is CM, then the regular map p g : SpecmA — ► Specmr = k induced 
by the inclusion i s : T <^-y A is an epimorphism and dimp~ 1 (/i) = n — t for 
any fi G Specmr. 

Proof. Statements ||TJ and J3J follow from Lemma l3~Tl @, while the statement © 
follows from Lemma T3.2I Applying to /i = (fi%, . . . , /if ) G k* of this lemma and 
Proposition^ © we obtain, thatp~ 1 (/i) = V(gi— /ii, . . . ,gt~ A*t) is equidimensional 
of dimension n — t. This implies 10}. 

□ 

Proposition 2. Let U be a filtered algebra, g = {g%, . . . ,gt} be a sequence of mutu- 
ally commuting elements from U such that {g~ 1 , . . ., g t } is a complete intersection for 
U and [li^XJ be such, that deggi > deg/i^, i = Denote /i = (p±, . . . ,fXt)> 

1ft = U(gi—fii) + . . . +U(gt—(J,t) and assume that the elements {gi— fii\i — 1, . . . ,t} 
are mutually commuting (e.g. it holds if m S k for all i). Then 
t 

(1) Ifj, n U m = U m - dl {gi - Mi) ™/iere = deg^. 

_ 2=1 

(2) 7 M = C/T^ + . . . + Ug t , in particular J M 7^ U. 

(3) There exists a simple left U— module M generated by m G M such that for 
every gi holds gim = pum. 

(4) For any v G Specmr there exists a simple left U— module M generated by 
m G M such that for every 7 G T holds 7 • m = v(j)m (i.e. v lifts to a 
simple U -module). 

Proof. Statements HJ, © follow from Lemma l3~Tl (J2J). To obtain from (j2J) the 
statement (J5J we consider a maximal left ideal m in U, containing 1^, and set 
M = U/m, m = 1 + m. Statement Q follows from J2J applied to /i« = gi{v), 
i=l,...,t. □ 

Corollary 1. Let £/ 6e a filtered algebra such that the associated graded algebra U is 
CM. If gi, . . . , g t are mutually commuting elements of U such that V(g 1; . . . ,g t ) C 
Specmt/ is equidimensional of codimension t, then every fi G Specmk[(/i, . . . ,gt] 
lifts to a simple U -module. 

Proof. Follows from Proposition [3 (@J and Proposition ^ ©• D 

4. AN ANALOGUE OF KOSTANT THEOREM 

A filtered algebra U such that U is a reduced CI algebra will be called special 
filtered. Due to the Poincare-Birkhoff-Witt theorem the universal enveloping alge- 
bra of a finite-dimensional Lie algebra is special filtered. In this section we prove 
the following analogue of Kostant theorem ([K]) f° r special filtered algebras. 

Theorem 1. Let U be a special filtered algebra, g\, . . ., g t G U mutually commuting 
elements such that g 1 , . . ., g t is a complete intersection for U , T = fc[g±, . . . ,<?*]. 
Then U is a free left (right) T— module. 

We start from the following known fact 
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Lemma 4.1. Let V be a finite- dimensional space, Y <zV a subspace, Gr r (V) the 
Grassmanian of r- dimensional subspaces ofV, A an affine algebra, F : SpecmA — > 
Gr r (V) a regular map and 

d = min dim Y PI F(fi). 

/^G SpecmA 

Then the set U = {/( £ SpecmA | dim!" n F(fi) — d} is nonempty and open in 
SpecmA. 

Proof. The function ip : Gr r (V) — > Z, W i — > dim W f~l Y is upper semi-continuous, 
i.e. for every n G Z the set G„ = G Gr r (V A ) | <p(W) < n} is open in Gr r (V). 
Then U = F^ 1 (Gd) is open and the statement of the lemma follows. □ 

Let A = k[Xi, . . . ,X n ] be the polynomial algebra. For f € A denote by d(/) 
oxA 

the column : € A n and for a sequence f = {/i, . . . , /&} denote by J(f) = 

\dX n / 

J(/i, . . . , fk) the n x k Jacobian matrix (^§x-^J , i = 1, . . . , n; j = 1, . . . , k. If 

x G k n then rf(x) will denote the rank of the matrix J(f)(x). If f is a complete 
intersection then the ideal / = (/ l5 . . . , fk) C A is radical if and only if for every 
component C of V(7) there exists an open dense U C C such that Tf(x) — k for 
every x G U (Theorem 18.15, jEIj). 

Lemma 4.2. Let h = {hi, . . . , h s ,g} C A, s ^ 0, 6e a complete intersection such 
that L = (hi, . . • , h s ) is radical ideal. Consider the set U consisting of fi G Ik smc/i 
i/iai i/ie algebra A/L^ is reduced CI, where I„ = (hi, . . . , h s , g — fi). Then U is 
open dense in k. 

Proof. Set X = V(J) and let X = Q U • • • U Cjy be the decomposition of X into 
irreducible components, e : X — » k the regular map, e(x) = g(x), x G X (hence 
V(/ /i ) = e _1 (/i)). For any Q the image e(Q) C k is either a point or a nonempty 
open subset in k. Since dime~ 1 (0) = dim V(/o) = n — (s + 1) there exists G such 
that e(Q) is dense in k. If U' C k \ e(Q) consists of points fj, such that 

i, dim e(Ci )— 

dim e _1 (n) is maximal possible, then for /i G U' the variety V(7 (U ) is equidimcnsional 
of dimension n — (s + 1) and hence hi, ... , g — /i is a complete intersection for 
A. 

We can assume that the map e|q : Q — > k is dominant for every i = 1, . . . , N. 
Let h = {hi, . . • , h s }. By the conditions for any i = 1, . . . , N there exists an open 
dense set C Q such that r^(x) = s for any x G Ui, i.e. there exists a s x s-minor 
A, of J(h) which is nonzero on an open subset of Q. 

Assume first that X = Ci and A = Ai is invertible in A. Let K be the field of 
fractions of A. If r^|x ^ s then the column d(p)|x G A™ is a linear combination of 
d(/ii)|x, • • ■ , d(h s )\x G A" with coefficients from K. Moreover due to the invertibil- 
ity of A holds d(<?)|x = Ai d(hi)\x + - ■ - + A S d(h s )\x for some Ai, . . . , A s G A. Lifting 

s 

this equality in A n we obtain that v = d(g) — fi d(hi) G I n for fi G A, /, |x = Aj. 

»=i 

s s 

Consider the element h — g — /j/ij G A. Then d(/i) = i> — d(fi)hi G 7™ and 

i=l i=l 
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hence d(/i)|x = implying that h, and therefore g is a constant on X. It follows 
that r^(x) = s + 1 for an open subset in X. 

Now consider the general case and fix i, 1 i ^ N. Take a polynomial / which 
is nonzero on C = Q and vanishes on all other components of X. Set A = A,-. 
Consider a sequence h' = {hi, ■ ■ ■ , h s , 1 + fAX n+ i} in A' = k[Xi, . . . , X n , X n+1 ] 
and the ideal I' = (hi, . . . , h s , 1 + fAX n+ i). Then the projection of C = V(/ij, 
. . . , h s , 1 + /AX„+i) on the first n coordinates identifies C with an open subset 
C \ V(/A), i.e. A is invertible on C. Proposition^ © implies that h' is a regular 
sequence. Moreover, the ring A' = A' /I' is isomorphic to the localization of A by 
/A|x, hence is reduced. Then as above we can prove that the rank of 



equals s + 2 on an open dense set UcC. Since /A is invertible on C we conclude 
that the rank of J (hi, . . . ,h s , g) equals s + 1 on U, hence the ideal 1^ is radical. 



Lemma 4.3. Let A be a reduced graded CI algebra, g = {gi, . . . , gt} C A a complete 
intersection for A consisting of homogeneous elements, T = k.[gi, . . . , g t ]. Then 
there exists an open dense U g C Spccm T such that for any fi G U g the ideal 1^ = 
(.91 - gi(h)i ■ ■ ■ , gt ~ gt(h)) C A is radical. 

Proof. Denote X g = {/i S SpecmT 1 1^ is radical}. The criterion of radicality of J M 
before Lemma l4~2*l implies that X g is a constructable set. Hence it is enough to show 
that X g is dense in SpecmT. We proceed by induction on t. The base of induction 
t = 1 follows immediately from Lemma 14.21 Suppose that there exists an open 
dense U' C k t_1 such that for any fi' = (fii, . . . ,/it-i) € U' the ideal Ly = (gi — 
Hi, . . . , gt-i — IH-i) is radical. By Lemma \'S. 31 J3J) the sequence gi — Hi, ■ ■ ■ , gt-i — 
fit-i is regular and therefore the algebra A M < = A/(gi — hi, ■ ■ ■ ,5t-i — Mt-i) is a 
reduced CI. By Lemma |4~2*1 for any such [i! there exists an open dense U M ' C Ik such 
that for Ht G Uy the algebra A^/(g t - fit ) - A/ (51 - Hi, . . . , g t -i - fH-i,9t - ht) 
is a reduced CI, therefore the ideal (gi — fii, ■ ■ ■ ,9t — Ht) is radical. Since U = 
U^'gU' UptGU , (m'jM*) C X g is dense in SpecmT the proof follows. □ 

Till the end of this section we follow closely the techniques from |Di| . 8.2.3 and 
|Q2| . In particular Lemmas 14.41 and 14.51 below are analogous to |Di|. 8.2.1, 8.2.2. 
Let A be an affine algebra. Following |Di| we say that hi , . . . , h/. G A are linearly 
independent over an ideal I C A, provided hi + 1, . . ., hk + I G A/ / are linearly 
independent over k. 

Lemma 4.4. Let g = {gi, . . . ,g t } be a complete intersection of homogeneous ele- 
ments for a reduced graded CI algebra A, T = fc[gi, ■ ■ ■ , gt] and let hi, ... ,h^ G A 
be linearly independent over I = (gi, . . . , g t ). Then 

(1) There exists an open dense set Ui C SpecmT such that for every fi G Ui 
hi, . . . , hk are linearly independent over 1^ — (gi — gi(fi), ■ ■ ■ ,gt — gt(h))- 

(2) There exists an open dense U2 C SpecmT such that the restrictions of 
hi, . . . ,hk on V(i^) are linearly independent over k for each fi G l^- 




The statement follows. 



□ 



8 



VYACHESLAV FUTORNY AND SERGE OVSIENKO 



Proof. Let I = maxi deghi, V — A;, Y — khi + . . . +k.hk C V and r = dim(7 jLl )j. 
Note that by Lemma l3~3l J2J, r does not depend on fj, £ Specm T and hence there is 
a well defined map F : Specm F — > Grv(Aj) such that = (i^);. It follows from 
Lemma IO |jTJ that is a regular map. Then by linear independency of hi, ... hk 
over I it follows that d = min dimY" n {I^)i = 0. Applying Lemma 14.11 we 

/lESpccmT 

conclude that the set Ui consisting of /i's, such that dimY" n (Iu)l — 0, is open 
dense in Specm T proving the statement Q . By Lemma 14.31 there exists an open 
dense set U g c Specm T such that 1^ is radical for every /i £ U g . For such /x's the 
linear independence of hi, . . . , hk over 1^ is equivalent to the linear independence 
of the restrictions /ii| V (/ (J ), ■ ■ ., ^/c|v(j m ) as regular functions. Thus the statement 
(01 follows from (JTJ and Lemma IOI if we set U 2 = Ui n U g . □ 

Lemma 4.5. Let A be a graded CI algebra, g = {g\, . . . ,gt} a complete intersection 
of homogeneous elements in A, I = [gi, . . . ,g t ) and T = k[pi, . . . ,g t \. Suppose I 

x oc 

is a graded decomposition of I and H = ify) is a graded complement 

j=0 i=0 

of I in K as a k— vector space. Then the mapping n : T ®k -ff — ► A defined by 
7r(7 h) = 7/1, 7 G T, /i £ m on isomorphism of T-modules. In particular, A is 
a /ree module over T. 

Proof. Note that -ff(o) = k and Im7r is a T— submodule in A containing L and 
iZ. We prove by induction on i that Au\ — + Ha\ C Ini7r. If / £ A(j) then 

t 

/ = // + fn, fi £ /h G C IniTT. We have that // = y^/jffj, where 

i=i 

deg fj < i, j = 1, . . . , t. By induction, fj £ Im7r for all j and, since Ini7r is a 
F-module, fj £ Ihitt, therefore f = fi + fu £ Im7r. It is left to show that 7r is 
a monomorphism. Suppose hi, . ..,hk £ H are linearly independent over k, hence 
over I, and for some 71,, ...,7k G V holds "fihi + . . . +"fkhk — 0. By Lemma f4. 41 
(J2J there exists an open dense set U2 C Specm T such that for each /j, £ U2 the 
restrictions of functions ft-i|v(j ); ■ ■ ^fe|v(7 ) are linearly independent over k, where 
I,, = {g 1 - gi{p), ...,g t - 9t{p))- Since 7»|v(j M ) = 7»0") G k, i = 1, . . . , ft, we get 
that 7i|v(/„) = • • . = 7fe|v(/ M ) = for every fi £ U 2 . This implies 7i| )9 - 1 (u 2 ) = • ■ ■ 
— 7fc| p - 1 (u 2 ) = where p g is defined as in Lemma 13.31 Since p~ 1 (U2) is dense 
in Specm A we conclude that 71 = ... = 7fe = 0. □ 

Now we are in the position to prove our main result. 

Proof of Theorem ^ We prove the statement for U as a left module (right 

module structure is treated analogously). We apply Lemma l4~51 to A = U and the 

sequence . . . ,~g t }. Let I be the left ideal of U generated by g 1} . . . ,g t , T — 
00 

k[g~i, . . . ,g t ] and H = Hi be a graded complement to I in A. Then the map 

i=o _ _ 

7f : F ®k H — > A which sends 7 <g> h 1 — > 7/1 is an isomorphism of vector spaces. 

Choose for all i ^ the k-vector spaces Hi C ?7, such that gr : U — ► U induces 

00 

a k— linear isomorphism Hi onto Hi and iJ = Vjifj. The nitrations on T and H 

i=o 
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induce a filtration on T ®k H by 

n n 

(r ® fc = ^2 r i ®k fffe-i, and in particular gr(r ® k H)^ = ^ ® k H k ^. 

The map 7r : T gfc _ff — ► C7, 7 ® h 1 — > 7/1 preserves the nitrations and the induced 
graded map coincides with 7f. Since W is an isomorphism, we see that tt is a Ik- 
isomorphism which completes the proof. 



5. Applications 

5.1. Semisimple Lie algebras. Let U = U(g) be the universal enveloping alge- 
bra of a semisimple Lie algebra of rank r, 1(g) the algebra of g-invariants in 5(g) 
( |Di| . 2.4.11). Then in 1(g) there exists a system of homogeneous algebraically in- 
dependent generators fi,...,f r (|E|, Theorem 7.3.8) and the variety V(/i, . . . , f r ) 
is irreducible of dimension dimg— r ( jDij . Theorem 8.1.3). If ip : 5(g) — > U(g) is 
the symmetrization map then it maps /(g) isomorphically onto the center Z(g) of 
U(g) and f = {f(fi), tp(fr)} are the generators of Z(g). Since gr(U(g)) ~ 5(g) 
and gr(ip(fi)) = fi, i = 1, . . . , r the classical Kostant theorem ( |Di| . 8.2.4) follows 
from Theorem H applied to U = U(g) and the family f of generators of Z(g) and 
Proposition JSJ. 

5.2. Restricted Yangians. Let p be a positive integer. The level p Yangian 
Y p (g\ n ) for the Lie algebra gl„ ( |Dlj . |H| ) can be defined as the associative algebra 
with generators , . . . , , i,j — 1, . . . , n, subject to the relations 

(2) [T l3 (u),T k i(v)\ = ——(T kj (u)T u (v) - T kj (v)T u (u)), 
where u, v are formal variables and 

(3) T„ (u) = Sa U p + J2 t% } e Y p(g!«)N- 

fe=X 

These relations are equivalent to the following 

min(r,s) 

(4) $\A?}= £ (tg-^^-t^tf- 1 ^ 

0=1 

where = and t,-j' = for r > p + 1. 

The importance of the restricted Yangian Yp(gl n ) is motivated by the fact that 
any irreducible finite-dimensional representation of the full Yangian Y(gl n ) is a 
representation of the restricted Yangian for some p |D2| . Note that the level 1 
Yangian Yi(gl„) coincides with the universal enveloping algebra U(gl„). 

Set degt^ = k. This defines a filtration on Y p (gl„). The following analogue 
of the Poincare-Birkhoff-Witt theorem for the algebra Y p (gl n ) ([C], |Mo| L shows 
that Y p (gl n ) is a special filtered algebra. 

Proposition 3. The associated graded algebra Y p (gl„) = gr Y p (gl„) is a polynomial 

-(k) 

algebra in variables th , i, j = 1, . . . ,n, k = 1, . . . ,p. 
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Note that the grading on Y p (gl n ) induced by the grading on Y p (gl„), degt^ = k, 
does not coincide with the standard polynomial grading for p > 1. Set T(u) = 
(Tij(u))™j =1 and consider the following element in Y p (gl n )[w], called quantum de- 
terminant 

^ qdetT(u)= ^ sgn(cr) T 1<t(1 ) (w)T 2(T (2) (w - l)...T n<j{n) (u - n + 1). 

o-eS„ 

The coefficients d s by the powers u np ~ s , s = l,...,np of qdetT(w) are alge- 
braically independent generators of the center of Y p (gl„) f[C]. [Mop . 

For F = hu l E Y p (gl„)[u] denote F = Y,i /X € Y p (gl n )[u]. Also we denote 

x\f = tg\ X« (u) = T«(«) and X(u) = (Xy(u))& =1 . Since T^u-X) = X l3 (u) 
for any A £ k, one can easily check that grqdetT(w) = detX(u). 

Lemma 5.1. The sequence di, . . . , d np is a complete intersection for Y p (gl n ). 

Proof. Due to Proposition ^ it is enough to prove that the sequence 

x ij\i + hh3 = l,...,n,fe = l,...p; di,.. .,d np 

is complete intersection for Y p (gl, i ). Let c s is a polynomial in variables -X^P, 
x[f, . .., X[{\ X$, . .., Xi p j obtained from d s by substituting x[f = for 
all i j and all k. Due to Lemma 12.11 we only need to show the regularity of 
the sequence Ci, . . . , c np in the polynomial ring k[X^\i — 1, . . . , n, k — 1, . . . ,p], 
hence by Proposition^ HJ, we should show, that the variety Z = V(ci, . . . , c np ) is 
equidimensional of dimension 0. 

Substituting -Xy = into the matrix X(u) we obtain that c 8 is the coefficient by 
u np ~ s in det diag{Xn(?/), . . . , X nn (u)} = Il"=i Xu(u) . Consider the regular map 
if : k" p — > k" p which sends (ajj^ ) G k np to the coefficients of the following monic 

polynomial n"=i( MP + a ii " p ~ 1 + ■ ■ • + a !f')- Obviously Z = (^ _1 (0). Since k[u] is 
a factorial domain, u np — u p ■ u p ■ . . . ■ u p y is a unique decomposition of u np in the 

n 

products of monic polynomials of degree p and hence Z — {0}. This completes the 
proof. □ 

Applying Theorem ^ and Lemma 15.11 we obtain the following analogue of the 
Kostant theorem for the restricted Yangians. 

Theorem 2. For all n,p ^ 1 the restricted Yangian Y p (gl n ) is a free module over 
its center. 

5.3. Current algebras. In this section we consider the polynomial current Lie 
algebra g = gl„(C) <g> C[a;] and its restricted quotient algebra g m = g m (n), m > 0, 
by the ideal ^ k>m g\ n ®x k f |RT| 1. We will show that the universal enveloping 
algebra U(g m ) is a free module over its center for any m > 0. This generalizes in 
the case of gl ra the result of Geoffriau for Takiff algebra g 2 f |Gl| . |n2] ). 

In |Mo| were constructed the families of algebraically independent generators of 
the center of U(g m ). Following Mo let Eij, i,j = 1, ... ,n be the standard basis 
of gl„, E\y — Eij ® x k with l<i,j'<n,0<fe<m-la basis of g m . Set 

4 r) = 4 r - 13 , 1< r < m and F« = - m(j - 1)%. 
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For each k £ {1, . . . , ran} let r 6 {1, ... , to} and s £ {1, . . . , n} be such that 
k = m(s — 1) + r. Then the elements 

( 6 ) &= E E^w^n---^' 

ii<...<i s agS, 

Jl + ...+Js=fc 

are algebraically independent generators of the center of U(g m ) ( |Mo| ) . Note that 
U(g m ) is a special filtered algebra with respect to the standard grading, deg ' = 1 
for all k. 

We will show that the sequence £ l5 . . . , £ mn is complete intersection for U(g m ) 
where 

(7) 4= E E s g n (^£!,^-^S) is - 

ii<...<i e aeS„ 
jl + ---+js=k 

As in the case of the Yangian Y p (gl n ) we complete this sequence by the elements 
f[ 1 j for all i, j — 1, . . . , n, i j and I = 1, . . . , m and apply Lemma 12.11 by sub- 
stituting = 0. Hence it is enough to prove the regularity of the sequence 
7 f, . . . , 7 ™„, where Yk = E F S! ' ■ ' F S (compare with (3.2) in |H5|). 

ii<...<i s 

We will show that X = V(7™, . . . ,7™ n ) = {0} by induction on to. Suppose that 
to = 1. Since for each k = l,...,rt, 7^; is the elementary symmetric polyno- 
mial of degree k in variables F-^ , . . . ,F^ we have that Vf/yJ, . . . ,7^) = {0}. 
Suppose now that the sequence 7™ -1 , . . . >7(^li) n is a complete intersection for 
TJ(g m ) and V( 7l m - 1 ,..., 7 ™- 1 1)n ) = {0}. Note that 7 ™ s is the elementary sym- 
metric polynomial of degree s in variables F^ , . . . , -F 1 ^ , s = 1, . . . ,n. Hence 
^11 (a;) = • • • = i^nn (^) = for every ieX. Substituting these values in 7™ for 
every k that does not divide m we obtain the sequence 7™ _1 , . . . , 7^1 x)n wrucn i s 
a complete intersection by our assumption and therefore X = 0. By induction on 
to we conclude that the sequence £ l5 . . . , £ mn is a complete intersection for U(g m ). 

Applying Theorem^we immediately obtain the following analogue of the Kostant 
theorem for restricted current algebras: 

Theorem 3. For all to, n ^ 1 the algebra U(g m (n)) is a free module over its center. 
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